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Introduction
Bucher (1948) attempted a two-dimensional analytiThe design of structures to be placed on mountain cal model. Bucher's solution for the interruption of slopes with deep snow covers often requires knowledge creep behind a structure contains inconsistencies, howof the forces caused by interruption of creep within the ever (Salm 1977) . In addition, his formulation does not snowpack (internal deformation) and glide (slip of the include glide, which is the most important component of entire snowpack over the ground). The simplest problem pressure in many cases (Salm 1977) . of this nature is that of plane strain in two dimensions, Haefeli (1948; see also Bader et al. 1939 ) made the which is the calculation of pressures exerted at the centre first attempt to formulate an essentially one-dimensional of a rigid structure placed perpendicular to the ground model to simulate plane strain snow pressure calculaand transverse to the fall line. Near the centre, far from tions, and the problem which he defined has become one the end of the structure, the problem becomes two-of the classic problems in snow mechanics. Haefeli's dimensional and edge effects can be ignored. McClung formulation can be shown to give reasonable values for (1974) gave the first solution to this problem using the snow pressure in some cases (McClung 1974 ; Salm finite element method. Brown and Evans (1975) , Lang-1977) . However, his equations are not accurate in don (1975), and McClung (1976a) , extended this general for all slope angles and snow parameters even procedure.
though they are still used today in the Swiss Guidelines The finite element method is a very powerful tool for for Avalanche Defense (Salm 1977) . Furthermore, such problems. For example, nonlinearity in creep and Haefeli's formulation cannot be derived using conglide constitutive properties as well as complex geome-tinuum pechanics even though many of his physical tries are easily included. Many consultants, however, assumptions appear to be reasonable. will not have easy access to programs with features,
The present paper gives an analytical model for snow such as line spring elements, needed to formulate glide creep pressures due to interruption of creep and glide boundary conditions. In addition, numerical solutions processes at the centre of a long rigid structure on a do little to clarify the physical interdependence of the snow-covered slope. One immediate use of the formulacreep and glide parameters. Furthermore, the nature of tion is for easy calculation of pressures at the centre of the nonlinearity in snow constitutive properties is at avalanche defense structures where edge effects can be present not defined well enough to justify precise models ignored. Another use is that the plane strain model featuring nonlinear formulations. Thus, many of the defines the minimum base line pressures on such advantages of numerical procedures are lost.
structures. Structures of more complex geometry will CAN. GEOTECH. I. VOL. 19, 1982 feel higher effective pressures that those given by the solution of the plane strain problem because of edge effects. The plane strain model points the way to solution of these three-dimensional cases.
The present model is obtained by reducing the plane strain problem to one-dimensional deformation by averaging quantities through the depth of the snowpack. This procedure results in simple formulae for pressures in terms of two dimensionless snow~ack deformation parameters: the viscous analog of Poisson's ratio (a creep parameter), and a parameter for glide termed a relative stagnation depth. Both of these are easily measured for regions free of longitudinal gradients of stresses and material properties (called hereafter a neutral zone). The model. as well as finite element checks, is cornpared throughout with Haefeli's model, since his formulation is used at present as the standard by most consultants wishing to estimate creep pressures on structures.
Characteristics of snow creep for deep
alpine snowpacks In reality, internal deformation of alpine snow might be idealized using elastic-visco-plastic modelling. The problem dealt with in this paper is concerned with the slow deformation of deep snow covers of well settled snow, however, and any elastic deformation may be safely ignored compared with viscous and plastic effects. Furthermore, complications such as rapid densification of new snow layers are ignored here. Field measurements (Larsen et al., in preparation) show, in fact, that once a deep, well settled snow cover several metres thick is in place, new fallen, low density snow usually contributes negligibly to measured creep pressures except by the addition of higher body forces:
When deformations are such that elastic strains may be neglected, most elastic-visco-plastic solids behave in effect as non-Newtonian fluids (Zienkiewicz 1977 ). While we acknowledge that non-Newtonian modelling, or even more complex visco-plastic constitutive relations featuring a dependence on loading history, may provide more accurate models, for the present paper we ignore such complexity. We assume instead a linear compressible viscous constitutive equation that is equivalent to that for a Newtonian viscous fluid, neglecting the static fluid pressure term (Salm 1967) .
Our reasons for this choice are the followine.
(1) The
simplicity of linear modelling yields snow pressure equations that predict the average pressure on the structure in a simple analytical form usable by any consultant. (2) solution of the linear problem permits comparison with the model given by Haefeli (1948) which implies a similar assumption and which has been the standard used by consultants for many years. (3) The nonlinear constitutive equations proposed and used to date in this problem by McClung (1974 McClung ( , 1976a McClung ( , 1980 , Brown and Evans (1975) , and Langdon (1975) are weakly nonlinear; they predict small differences in the average pressure and only about a 15% increase in maximum pressure compared with a linear creep law.
Since in the present paper we emphasize average rather than maximum values, there is no advantage to the added complexity of these formulations. (4) The linear problem is worthy of study because its solution allows easy comparison with field measurements and departure from linearity may be easily illustrated.
As we show later, for the linear problem the formulation turns out to be dependent only upon the ratio of shear to bulk viscosity, which may be expressed in terms of a viscous analog of Poisson's ratio, v. The value of v may be allowed to increase with time as densification proceeds so that by exploring variations in it we may extend our model to the simplest time-dependent modelling.
In general, the downslope deformation of a snow cover on a slope can be resolved into components parallel and perpendicular to the slope. The amount of slope parallel deformation, which we term shear deformation, relative to the slope perpendicular or vertical deformation depends upon the slope angle and the viscous analog of Poisson's ratio for linear, neutral zone deformation.
Consider an isotropic snowpack deforming linearly in a neutral zone. The shear and vertical stress may be defined as (Fig. l) , I : 
Using the definition of the neutral zone deformation rate coefficient (Perla 1972 
[2] becomes:
As long as one is far from the boundaries, i.e., the free surface at the top of the snowpack or the restraint condition at the snow-earth interface, CD for the present linear problem admits a simple, geometric interpretation defined originally by Haefeli and emphasized by Perla ( Fig. 1 ). For this case we can write CD = tan P where P is the creep angle, defined as the ratio of creep velocity components, tan p = -u/u.
Rewriting [3] gives:
[4] tanp = -l (l --2v) cot * 2 1-v This equation predicts that the component of shear deformation is greater than the component of vertical deformation for $ > 26.6" and v > 0. For slope angles near 45", which is a typical avalanche starting zone angle, the deformation would be overwhelmingly in shear for v > 0. This consideration is the basis for the assumption of simple shear deformation in the present one-dimensional model for slope angles near 45". Slope angles near 30" show a significant vertical deformation component that must be accounted for to yield accurate snow pressure formulations.
Characteristics of glide in mountain snowpacks
Glide is the slip of the entire snowpack over the ground. It accounts for the most important components of snow pressure in many instances (Salm 1977) .
For quasi-static problems a description of glide is required in terms of constitutive equations that relate tangential drag on the snowpack to slip velocity. These equations may, in general, be very complex since they depend upon the interface roughness, water content, and snow rheology. Salm (1977) and McClung (19766, 1980 McClung (19766, , 1981 ' suggested two mechanisms for glide. McClung (1980, 198 1) provided approximate constitutive equations rei lating tangential drag to slip velocity for the case where a perfect slip condition, guaranteed by the presence of a continuous water film, exists at the snow-earth interface. Field measurements show that glide does not occur unless the interface temperature reaches 0°C and water is present. For interface temperatures lower than 0°C the snowpack is either frozen to the ground or friction is too high to allow glide without water as a lubricant. For instances in which a perfect slip condition (continuous water film) is not maintained at the glide interface, friction may have to be introduced; this can greatly complicate the glide constitutive relation. However, for the present paper we assume a perfect slip condition in order to retain the simplicity of a linear glide law. There are at present no data to justify the added complexity of this kind of friction in connection with snow pressure problems although it is very likely that this may be an important feature of future, more complex models.
The suggested mechanisms for glide are: (i) creep over roughness asperities at the interface; and (ii) sliding at points where the snowpack becomes separated from the interface asperities by a thin water film allowing the pack to move as a rigid body.
For mechanism (i), we retain our assumption of a linear, viscous creep model. In that case, in the neutral zone, the glide constitutive equation relating tangential drag, 7, to the neutral zone glide velocity, Uo, for the creep mechanism can be written (McClung 1981): where D' is a function of the geometry of the interface boundary conditions and of v.
The neutral zone constitutive equation for sliding concurrent with separation is (McClung 1980 (McClung , 1981 [6] 7 = p, UO x function (geometry of boundary) where p, is the viscosity of water at 0°C.
Since [5] and [6] are linear relations between 7 and Uo, we can express them in a single equation in cases where both mechanisms operate:
where now D has theoretical limits between 0 (no glide) and w (no drag).
The parameter D has a geometrical interpretation in the neutral zone and the best way to estimate it is by measuring both creep and glide components on a slope in a neutral zone and then determining D by geometrical construction (Fig. 1) . Salm (1977) The previously mentioned considerations for glide apply to the neutral zone. We can generalize these considerations to express a constitutive equation for glide behind a structure as:
If we assume a constant interface roughness and water content at the glide interface in the zone of influence of the structure, [8] 
Distribution of glide velocity behind a structure
Use of [12] in [I41 gives: Consider the geometry of and Z = 0 for x -, w, we can express Zm, as:
[17] emax = --- 
Using the creep constitutive equation [12] we can For the geometry of Fig. 2 , we can express the calculate the pressure on the structure for this simple The first term in [21] will be termed the dynamic pressure, whereas the second term represents a quantity analogous to hydrostatic pressure due to the restraint of lateral expansion under vertical stress, here called static pressure. This formulation has assumed deformation only along the glide interface so that the pressure on the structure will be underestimated since interruption of creep processes within the snowpack has not been taken into account.
One-dimensional model of snow pressure without deformation perpendicular to the slope In order to account for the interruption of longitudinal creep processes within the snowpack by the structure we retain the equation of equilibrium [ll] and develop a constitutive relation T(U) for creep and glide processes. This will ensure that creep is interrupted in the same manner as glide. This is similar to an assumption by Haefeli.
To include internal deformation we write the constitutive equation T, , = p (duldz), which is applicable through the depth of the snowpack assuming simple shear deformation only. The averaged creep constitutive equation will then be of the form:
where L1 is an unknown length scale in the problem. For simple shear deformation we can write a simple relationship from the definition of strain:
where UA is the creep velocity at the top of the snowpack. If we assume, for example, a linear (triangular) velocity profile then, in terms of the average creep velocity in the snowpack, we can write down a relationship where kl is a creep stiffness and the length scale L1 from The second term represents the average static pressure and the first term gives a representative average dynamic pressure due to interruption of creep and glide processes.
It is of interest to note that creep and glide stiffness will not couple as parallel elements in the foregoing problem because that would imply zero dynamic pressure when D = 0, which is not physically reasonable. In order to calculate the snow pressure for engineering applications, one wishes to know the most negative principal stress. For the one-dimensional model, since the shear stress is zero at the structure, it is clear that the most negative principal stress, GI, is given by [28] as GI = a(0).
Comparison with numerical calculations and
Haefeli's equations for $ = 45" For the present linear problem it is of interest to compare the one-dimensional model with numerical calculations by the finite element method. McClung (1974 McClung ( , 1976a outlined the method for these calculations. Figure 3 shows a typical finite element mesh with the assumed boundary conditions. Special line spring elements are taken at the glide interface in order to use a relation of the form T(X) = (~,/D)u(x) with D taken, for example, to have a range in accord with Salm's (1977) estimates. A linear compressible viscous constitutive equation is assumed for the snowpack deformation for comparison with our model which features the same assumption. Haefeli's (1948) expression for the average pressure can be written (Salm 1977) in the present notation as: :nt mesh and boundary conditions.
Comparison of [30] with [28] indicates that the differences lie in the quantities in square brackets in the first terms of these models, the static pressures being equivalent. With the boundary conditions of Fig. 3 , the finite element calculations give only the dynamic pressure (McClung 1974 .
We first consider IJJ = 45" where we expect that deformation effects perpendicular to the slope will be small and the simple shear approximation is expected to be accurate. Therefore, we compare the quantities in brackets in the dynamic term with the most negative principal stress calculated for two-dimensional finite element calculations. We express the first term (the 
The maximum pressure is introduced here not as a major feature of the model, but to illustrate the easy comparison with finite element calculations, and also for easy comparison with nonlinear models in future work. Table 1 shows calculated values for the expression in square brackets in [31], IuIf /~,l, with finite element values for + = 45". It is emphasized here that, although the comparison in Table 1 appears to indicate highly accurate results for the one-dimensional model, the model in general will not display such accuracy. We have matched the values for the case IJ = 45" to illustrate that the shapes of the curves in Figs. 5 and 6 are the same.
Figures 5 and 6 illustrate that Haefeli's model displays a different dependence on v and D/H from that of finite element calculations or the one-dimensional model, including divergence when v + 0.5.
Haefeli's formulation contains the concept of a back-pressure zone or length of the zone of influence of the structure upslope. For the one-dimensional model with an exponential dependence upon distance, the back-pressure zone is theoretically infinite. We could, however, define a relevant distance by recognizing that the exponential velocity distribution will return to 99% of the neutral zone value in the distance:
The expression of Haefeli that is analogous to [32] is (Salm 1977 Extension to low slope angles: approximate inclusion of deformation perpendicular to the slope in the one-dimensional model The one-dimensional model assumes simple shear deformation and does not include deformation effects perpendicular to the slope. For slope angles less than 45", there can be higher pressures than predicted by the one-dimensional model due to interruption of vertical deformation. Finite element calculations indicate that both the dynamic pressure and the back-pressure zone are larger than the estimates of the one-dimensional model for slope angles less than 45".
Equation [4] predicts that shear deformation equals vertical deformation for + = 26.6", v = 0 in the neutral zone and that the ratio of vertical deformation to shear
Within the context of our one-dimensional model, we wish to write a constitutive equation of the form of [26] to include vertical deformation, since 7, = p(du/dz + aulax). In addition, it seems reasonable to couple vertical deformation to glide deformation and shear deformation in the same manner that glide is coupled to shear deformation. This suggests that [25] may be replaced by:
Similarly to [22] , the problem is to define the missing Comparison of glide velocity behind a structure from two-dimensional finite element calculations (0-0) with velocity from the one-dimensional model (-.-) (Uo is neutral zone glide velocity; X/H is relative distance upslope fromthestructure; DIH = 0.32;~ = 0.3;$ = 45"). 
Finite element calculations show that these formulae are accurate, at least down to slope angles near 25". Comparison with force estimates from Swiss guidelines for avalanche defense The Swiss guidelines for avalanche defense (Switzerland 1968) provide estimates of the total force parallel to the slope per unit width at the middle section of an avalanche defense structure. These calculations are assumed to be valid away from the structure ends so that edge effects can be ignored.
For the one-dimensional model, a representative total force S parallel to the slope per unit width is given by: fairly accurately when compared with the numerical calculations for the ranges of the two important parameters in the model: 0 5 v 5 0.5,O 5 D /H 5 3 for slope angles at least as low as 25". The two parameters in the model, v and DIH, are easily measured (McClung 1974) in neutral zones where they both have geometrical definitions. The parameter v is derived from the geometrical interpretation of a creep angle and this interpretation is strictly valid only near the midsection of a thick, relatively homogeneous, isotropic snowpack. The cfeep angle is, for example, undefined at the snow-earth interface and it loses meaning at the snow-atmosphere interface.
In contrast, Haefeli's (1948) model and, hence, the Swiss guidelines for avalanche defense display different behaviour than either numerical calculations or the one-dimensional model. The main differences are as follows.
(1) Haefeli's model shows stronger dependence on v and is in fact divergent as v + 0.5.
(2) Haefeli's moYdel displays stronger dependence on DIH.
(3) The pressures given by Haefeli's model for slope angles near 25" are much lower than either finite element calculations or the one-dimensional model, apparently because of neglect of vertical deformation effects. The extension of the one-dimensional model to low slope angles near 25" should be taken as an approximation. For slopes of low angle and for low v values the problem becomes more two-dimensional in character as the slope angle decreases. Finite element calculations show, however, that accounting for vertical deformation is an important consideration for such problems and the creep pressure can be significantly higher than predicted by models that do not take vertical deformation into account. The ratio lEI'/~gl increases rapidly as + decreases below 45" whereas Haefeli's model actually predicts a dependence of l/(cos +), which has the opposite effect.
The present model assumes linear creep and glide constitutive laws. In reality, we strongly emphasize that nonlinearity may be present in both of these descriptions. More sophisticated models will almost certainly be required to match experimental data accurately. Previous attempts with nonlinear modelling have shown that nonlinearity is particularly likely to affect the maximum value of pressure, which is why we emphasize only the average values predicted by the simplistic modelling in the present paper.
Another feature that is likely to appear in field data is the time-dependence of pressure increase by viscoplastic compaction. For the present paper, time dependence may be introduced crudely by increasing v as densification proceeds under the same body forces.
However, changes in v for well settled alpine snow would be expected to be small and the implied Poisson effects for the linear problem would leave very little latitude for pressure increases with time. It seems doubtful that field data could logically be matched by this effect.
While we do not expect that our simple model can match the complex nonlinear and time-dependent features that we expect to be evident in field data, it is not obvious that these shortcomings detract greatly from the model as a useful tool for estimating the average pressure on a structure. In addition, study of the linear problem may enable us to pinpoint the features that deserve our attention in future modelling.
